Stokes’ Theorem

Integral calculus
Surface integrals

Let X be a surface, possibly with boundary. We as-
sume that X is oriented by a smooth unit vector
field n, defined for all points of X, and orthogonal to
2. (we say that n is a unit normal vector field of X). If

do is an infinitesimal piece of X (usually called area
element), then do = ndo is called the vector area element of X.

Flux

If u is a vector field defined for all points of %,
the integral over X of u - do is called the flux of
u trough X, and is denoted ¢x(u):

¢px(w) = [ju-do.




Example. For a parameterized surface, : R = X, R a regular region in a
plane (say a rectangle with sides parallel to the coordinate axis),

¢z(u) = f u(a(s,t)) - (0s6(s, t) X d;0(s, t))dsdt.
R

Notice that dl; = d,0(s,t)ds is the vector arc element of the curve
s = o(s,t), t fixed, corresponding to ds (see the illustration on next
page). Similarly, dl; = 0,0 (s, t)dt is the vector arc element of the curve
t = o(s,t), s fixed, corresponding to dt. Since the vector area spanned by
dl; and dl; is given by the cross product dl X dl;, from the expressions
of these vector arc elements we see that the vector area element corres-
ponding to dsdt is indeed (d;0(s,t) X d;0(s,t))dsdt. So the integrand
expression u(a(s, t)) - (0,0(s,t) X 0;0(s,t))dsdt is the flux of u through
that area element and the integral, which by definition is the sum of these
elementary fluxes, yields the total flux of u through X.



dt

dsdt

do

o(s,t)

ds

dl, = o(s + ds,t) — o(s,t) = d,0(s, t)ds

Example (Classical Stokes’ theorem). Let X be a surface oriented by the

unit normal vector n and with boundary C = 0%. Let u be a vector field de-

fined on an open set containing Z. Then

¢ (curlw)) = zc(w),

where C is oriented by the unit tangent vector t
such that n X t is directed toward the interior of X.



Remark. Let us consider the ideas that classically were advanced as a proof of
Stokes’ theorem. This ‘proof’, which is still the one found in most Physics books,
can be made quite rigorous, as we will see later on.

The basic reason why Stokes’ theorem is true is that it holds for the area element
do of the surface X. If this infinitesimal version is true, then adding up for all sur-
face elements we get on one hand the flux of curl(u) through the surface and on
the other the circulation of u around the boundary, as the net circulation when
adding the circulations around the boundaries of the area elements (see below) is
simply the circulation around the boundary of .

Since to prove Stokes’s theorem for do is a local question, we may assume that X
is @ parameterized surface as in the previous example, and hence, using the nota-
tions there, do = (d,0(s,t) X d,0(s,t))dsdt. For this surface element, the flux
of curl(u) is simply

curl(u) - do = curl(u) - (0;0(s,t) X 0;06(s,t))dsdt .



a(s t+dt) We want to see that this coincides
a(s +ds,t +dt) Wwith the circulation of u around the

ar boundary of the area element do
o(s,t) (see the illustration for a magnified

s o(s+ds,t) version).

dl, = o(s + ds,t) — a(s,t) = 0,0(s, t)ds The contribution of dl; to this circu-
lation is

u(o(s,t)) - dly = u(o(s,t)) - 9;0(s,t)ds =u - o, ds,

where to simplify notations we write u instead of u(a(s, t)) and o, instead of
d.0(s, t). Similarly, the contribution of dl; is —u - o, dt.

Since u(a(s + ds, t)) =u(o(s,t) + o,(s,t)ds) =u+ (du - o, )ds, the contri-
bution of

dl; = o(s+ds,t+dt) —o(s+ds,t) = o.(s + ds, t)dt
— O-tdt + o.tSdet



to the circulation is u - o, dt + u - o;;dsdt + (Ou - 6 ) - 6; ds dt (we disregard
the third order term). Similarly, the contribution of dl; to the circulation is
—u-0,ds —u-oy,dsdt — (0u-o;) - o, ds dt. Adding up these four contribu-
tions we get, after cancelling terms, the following exact expression for the circula-
tion:

(Qu-0,) -0,dsdt —(0u-0;) - -0,dsdt

(the third order terms vanish differentially in front of the second order terms).
Finally it is straightforward to check that

(Qu-o05)-0,—(0u-o,)- 0

agrees with curl(u) - (650(5, t) X d:0(s, t)) = curl(u) - (o, X a;). The calcula-
tion can be done as follows:

(Qu-oy) -0, = (duy - 0y, du,, - 05, du, - o) o
= (axuxaxs + ayuxays + azuxgzs)o-xt
-I—(axuyaxs + 0yu, 0y + azuyazs)ayt

+(6xuzax5 + 0yu,oys + Bzuzazs)azt.



Similarly, (Qu - 6;) -0, =
(0xuxaxt + 0yUy0y; + azuxazt)axs
+(6xuyaxt + Oyuy 0y + azuyazt)ays
+(6xuzaxt + 0yu,oy; + azuzazt)azs.

On subtracting the two expressions we see that (Qu - o, ) -0, — (0u - 06, ) - 05 is
equal to

(ayuz - azuy)(o-yso'zt - Uzso'yt) +e

where --- denote the terms obtained from the written terms by cyclic permuta-
tionof x,y, z.

But d,u, — d,u, = curl(w),, 0,50, — 0,50, = (05 X 0¢),, and therefore
(0v-05) -0, — (v 0 ) - 0

= curl(v), (o, X 6;), +-

curl(v) - (o5 X 6,), as claimed.



Green’s theorem

Let us consider the special case of

Stokes’ theorem in which C is a simple

C  closed curve in the plane xy, X is the

region in that plane enclosed by C and

u=_P(x,y),0(x,y),0), where P(x,y) and Q(x,y) are differentiable
functions. Then

curl(u) = (0,0,0,Q — 9,,P)
and gbz(curl(u)) = fz(axQ — ayP)dxdy (orienting £ by e, = (1,0,0)).
On the other hand we see that

4 e = [ (P(x(®), )y (© + Q(x(®), y(O)y (©)) dt,

where y(t) = (yx(t),yy(t)), a <t<b,is a parameterization of C. This

last integral can be denoted fe Pdx + Qdy, as this expression allows us to



form [*] as soon as we have the parameterization (x(t),y(t)) of C by us-
ing the rules d(yx(t)) =y, (t)dt and d (yy(t)) = yy(t)dt.
In conclusion, we see that

J.Pdx + Qdy = [(0,Q — 8, P)dxdy,

which is usually called Green’s theorem.



