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Let ࣝ be a space curve joining the points ܣ and ܤ (the 
possibility ܤ ൌ :ࢽ is allowed). Take any parameterization ܣ ሾܽ, ܾሿ ՜ ࣝ, which means that when ݐ runs over the in‐
terval ሾܽ, ܾሿ ك Թ, ࢽሺݐሻ runs over all the points of ࣝ, with ࢽሺܽሻ ൌ ሺܾሻࢽ and ܣ ൌ  is supposed to be continuous ࢽ) ܤ

and piecewise differentiable, but need not be one‐to‐one). For an infinite‐
simal increment ݀ݐ of ݐ, we have  

ݐሺࢽ   ൅ ሻݐ݀ ൌ ሻݐሺࢽ ൅  . ݐሻ݀ݐԢሺࢽ

This means that the vector 

࢒݀    ൌ ݐሻ݀ݐᇱሺࢽ ൌ ݐሺࢽ ൅ ሻݐ݀ െ  ሻݐሺࢽ
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represents the infinitesimal element of ࣝ from ࢽሺݐሻ to ࢽሺݐ ൅  ሻ, and it isݐ݀
called the (vector) line element of ࣝ (the scalar line element, ݈݀, is the 
norm of ݀࢒, namely ݈݀ ൌ     .(ݐ݀|ሻݐԢሺࢽ|

Let now ࢛ be a vector field defined for all points of ࣝ. If ࢛ were a force, the scalar product ࢛ ൉  would ࢒݀
represent the work done by ࢛ over the (infinitesimal) 
displacement ݀࢒, and the total work done by ࢛ along ࣝ 
would be  

׬   ࢛ ൉ ௕௔࢒݀ ൌ ׬ ൫࢛ ൉ ௕௔ݐ݀ ሻ൯ݐԢሺࢽ  . 

This integral makes sense for any ࢛, depends only of ࣝ and ࢛, and is de‐
noted ׬ ࢛ ൉ ࣝ࢒݀ , or also ߬ࣝሺ࢛ሻ, and it may be called the toil of ࢛ along ࣝ. In 

other words,  

  ߬ࣝሺ࢛ሻ ൌ ׬ ࢛ ൉ ࣝ࢒݀ ൌ ׬ ൫࢛ሺࢽሺݐሻሻ ൉ ௕௔ݐ݀ ሻ൯ݐԢሺࢽ  , 

where ࢽ is any parameterization of ࣝ.  
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If we want to stress the parameterization, we will write ߬ࢽሺ࢛ሻ and ׬ ࢛ ൉ ࢽ࢒݀ . 

Example (The Fundamental Theorem of Calculus, FTC). For any function ݂, 

  ߬ࣝሺ݂ࣔሻ ൌ ݂ሺܤሻ െ ݂ሺܣሻ . 

In particular we see that ߬ࣝሺ݂ࣔሻ only depends on the end points ܣ and ܤ 
of ࣝ, and not on the particular curve ࣝ used to go from ܣ to ܤ.  
 
Proof. If ࢽ: ሾܽ, ܾሿ ՜ ࣝ is a parameterization of ࣝ, and ߛ௫, ߛ௬, ߛ௭ are the 
components of ࢽ, then  

  ݂ࣔ ൉ ࢒݀ ൌ ݂ࣔ ൉ ݐሻ݀ݐᇱሺࢽ ൌ ሺ߲௫݂ሻߛ௫ᇱሺݐሻ݀ݐ ൅ ൫߲௬݂൯ߛ௬ᇱ ሺݐሻ݀ݐ ൅ ሺ߲௭݂ሻߛ௭ᇱሺݐሻ݀ݐ. 

But the last expression is equal to ݄ᇱሺݐሻ݀ݐ , with ݄ሺݐሻ ൌ ݂൫ࢽሺݐሻ൯, as direct 
consequence of the chain rule. Therefore we have 

  ߬ࣝሺ݂ࣔሻ ൌ ሺ݂ࣔሻࢽ߬ ൌ ׬ ݂ࣔ ൉ ௕௔࢒݀ ൌ ׬ ݂ࣔ ൉ ௕௔ݐ݀ ሻݐԢሺࢽ ൌ ׬ ݄ᇱሺݐሻ݀ݐ௕௔ . 

But by the usual FTC for functions in one variable,  

׬   ݄ᇱሺݐሻ݀ݐ௕௔ ൌ ݄ሺܾሻ െ ݄ሺܽሻ ൌ ݂൫ࢽሺܾሻ൯ െ ݂൫ࢽሺܾሻ൯ ൌ ݂ሺܤሻ െ ݂ሺܣሻ. 



Remark. The usual FTC is a special case of the FTC above.  

Indeed, let ݂ ൌ ݂ሺݔሻ is a real valued function of one variable 

ݔ    א ሾܽ, ܾሿ ك Թ.  

If we consider ݂, as we may, as a function of ݔ, ,ݕ  then ,ݖ

   ݂ࣔ ൌ ሺ݂ᇱሺݔሻ, 0,0ሻ.  

On the other hand we may consider the interval ሾܽ, ܾሿ as a curve with end 
points ܣ ൌ ሺܽ, 0,0ሻ and ܤ ൌ ሺܾ, 0,0ሻ, so that in particular  

  ݂ሺܤሻ െ ݂ሺܣሻ ൌ ݂ሺܾሻ െ ݂ሺܽሻ.  

If we parameterize this curve by ࢽሺݐሻ ൌ ሺݐ, 0,0ሻ, ݐ א ሾܽ, ܾሿ, then ࢽᇱሺݐሻ ൌ ሺ1,0,0ሻ ൌ ࢒݀ ,௫ࢋ ൌ ׬ and ݐ௫݀ࢋ ݂ࣔ ൉ ࢒݀ ൌ ׬ ݂ᇱሺݐሻ݀ݐ௕௔௕௔ . 

Thus we see that the FTC in the form  ׬ ݂ࣔ ൉ ௕௔࢒݀ ൌ ݂ሺܤሻ െ ݂ሺܣሻ yields 

׬   ݂ᇱሺݐሻ݀ݐ௕௔ ൌ ݂ሺܾሻ െ ݂ሺܽሻ 

in our special case. 


